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Abstract. We derive a zero-curvature formalism for a combined sine-Gordon 
(sG) and modified Korteweg— de Vries (mKdV) equation which yields a lo- 
cal sGmKdV hierarchy. In complete analogy to other completely intcgrablc 
hierarchies of soliton equations, such as the KdV, AKNS, and Toda hierar- 
chies, the sGmKdV hierarchy is recursively constructed by means of a fun- 
damental polynomial formalism involving a spectral parameter. We further 
illustrate our approach by developing the basic algebro-geometric setting for 
the sGmKdV hierarchy, including Baker-Akhiezer functions, trace formulas, 
Dubrovin-type equations, and theta function representations for its algebro- 
geometric solutions. Although we mainly focus on sG-type equations, our for- 
malism also yields the sinh-Gordon, elliptic sine-Gordon, elliptic sinh-Gordon, 
and Liouville-type equations combined with the mKdV hierarchy. 



1. Introduction 

This paper is concerned with two main issues, a systematic derivation of a lo- 
cal hierarchy of nonlinear evolution equations by embedding the sine-Gordon (sG) 
equation into the modified Korteweg-de Vries (mKdV) hierarchy, resulting in what 
we call the sGmKdV hierarchy, and a simplified approach to its algebro-geometric 
solutions. 

A careful investigation of the (enormous) literature on the sG equation (in light- 
cone coordinates) 

u xt = sin(u), (1.1) 

reveals the fact that relatively little effort has been spent on deriving solutions 
which simultaneously satisfy the whole hierarchy of sine-Gordon equations. More 
significantly, the generally accepted hierarchy in the sine-Gordon case, as originally 
derived by Sasaki and Bullough Q, |69| in 1980, in sharp contrast to other hier- 
archies of soliton equations such as the KdV, AKNS, Toda, and Gelfand-Dickey 



hierarchies, appears to be nonlocal in u for all but the first clement (1.1) in the 
hierarchy, although attempts at deriving a local sine-Gordon hierarchy (which, how- 
ever, fell short of providing an explicit formalism) were made by S. J. Al'ber and 
M. S. Al'ber || in 1987. In particular, algebro-geometric (or periodic) solutions 
and their theta function representations are not derived for higher-order sG equa- 
tions. The current paper focuses on the close connection between the sG equation 
and the mKdV hierarchy. We offer an elementary recursive approach to a local 
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hierarchy which combines the sG equation and the mKdV hierarchy in a com- 
pletely integrable manner (and similarly for the sinh-Gordon, elliptic sine-Gordon, 
elliptic sinh-Gordon, and Liouville-type equations, etc.), in the spirit of previous 
treatments of the Toda Q, Boussinesq |]§, AKNS Q, and KdV |47) hierarchies, 
respectively. Since, in a sense to be made precise at the end of Section ^|, the new 
hierarchy embeds the sG equation into the mKdV hierarchy, we call it the sGmKdV 
herarchy. 

Our second major aim is to provide a simplified derivation of the algebro- 
geometric solutions of the sG equation and simultaneously of the sGmKdV hi- 
erarchy. Due to the intensive literature devoted to algebro-geometric solutions of 
the sG equation (and its close relatives), see, for instance B, p~5|— Jl8|| , p3j-p7|, 



29 , pa, pi-pL m, pa, m, pa, m, p§, m, m, m, m, m, m, this 





second part of our paper might need some justification. Our reasons for including a 
detailed treatment of this topic are twofold. First of all, it is natural to test whether 
the sGmKdV hierarchy permits algebro-geometric solutions in a manner similar to 
all other known hierarchies of integrable equations mentioned previously. Secondly, 
we are going to present a fundamental polynomial formalism which considerably 
simplifies the existing approach to algebro-geometric solutions even in the special 
case of the original sG equation (1.1). 

Before sketching the content of each section, it seems appropriate to point out 
the enormous popularity of the sG equations and its close allies (the sinh-Gordon, 
elliptic sine-Gordon, elliptic sinh-Gordon equations) in a great variety of diverse 
fields. Explicit examples are the study of surfaces with constant negative curvature, 
or integrable surfaces (see, e.g., @, @, [fl], @, @, @, @), which points to 
its actual historical origin in the 19th century, elementary particle physics (cf. [20|, 
Sects. 7.1-7.5), quantum optics (see pTj| , Sect. 7.8), Josephson junctions (cf. [20|, 
Sect. 7.8.1), nonlinear excitations in condensed matter physics (see vortex 
structures in fluids and plasmas (cf. {73|), and in connection with the reduction 
process of Abelian integrals on hyperelliptic curves to elliptic functions (see , || , 
|6), Sect. 7.9, |jro|-||7^|). In particular, it represents one of the celebrated 

examples of an infinite-dimensional completely integrable Hamiltonian system with 
associated action-angle variables in the scattering case (cf. ^(J, Part II, Sects. II. 6 
and II. 7, Q, Sect. 1. 11). Moreover, the dimensional reductions of the self-dual 
Yang-Mills equations to the (elliptic) sG equation (see, e.g., ]77[ , |78[) should also 
be mentioned in this connection. 

In Section ^ we describe our zero-curvature formalism for the sGmKdV hier- 
archy. Following a recursive polynomial approach originally developed by APber 
in the context of the KdV hierarchy Q, j^] and further developed in juj, p6| , 
and [fl7) in connection with the Toda, AKNS, and KdV hierarchies, respectively, 
we derive a hiera rchy of local nonlinear evolution equations whose first element is 
the sG equation (Fl). Section || is devoted to a detailed study of the stationary 



sGmKdV hierarchy. Following a device originally due to Jacobi pfj an d applied 
to the KdV equation by Mumford |n] and McKean f59fl , we employ the recursive 
polynomial formalism of Section |^ to describe positive divisors of degree n on a 
hyperelliptic curve K. n of genus n associated with the nth equation in the station- 
ary sGmKdV hierarchy. By means of a fundamental meromorphic function (f> on 
K, n we then proceed to derive the theta function representations of the associated 
Baker-Akhiezer function and all stationary solutions of the sGmKdV hierarchy. In 
addition, we consider Dubrovin-type equations for auxiliary divisors of degree n 
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and the corresponding trace formulas for u(x) in terms of these divisors. While 
mKdV curves (more generally, AKNS curves) are Toda-like curves and hence not 
branched at infinity, the sG curve is KdV-like with a branch point at infinity. In 
our combined sGmKdV hierarchy (for a, j3 ^ 0) the sG part dominates, resulting 
again in a KdV-like curve branched at infinity. The corresponding time-dependent 
formalism is presented in detail in Section ||. Appendix [A| collects relevant mate- 
rial on hyperelliptic curves and their theta functions. Appendix |^ sketches a new 
connection between our polynomial recursion formalism and symmetric functions 
related to auxiliary divisors due to 132], which provides new insight into the lin- 



earization of the sGmKdV flows in Theorems |3.4| and 4.8 and into the construction 
of integrable hierarchies of soliton equations. Finally, Appendix ^| proves solvability 
of the principal recursion relations in Section |^. 

2. The sGmKdV hierarchy 

In this section we provide the basic construction of a local sGmKdV hierarchy, 
embedding the sG equation into the mKdV hierarchy in an integrable manner, using 
a zero-curvature formalism. We follow some ideas of Al'ber fl, [^), who developed 
a recursive polynomial approach for the KdV hierarchy, and recent extensions of 
this formalism to the Toda, Boussinesq, AKNS, and KdV hierarchies in Km, jja], 
Egj , and j47j, respectively. 

Assuming u G C°°(R) (or meromorphic on C) and z e C, we introduce the 2x2 
matrix U(z,x) by 

U(z,x) = -i( 1 2 Ux{x) * V xel, (2.1) 
and for each n £ No the following 2x2 matrix V n (z, x) 

V (z x) - l F n(z,x)\ fR (no) 

Vn[ ' X) ~ { H n (z,x) G n -i(z,x)J ' XeK > (Z - Z) 

supposing F n , G rl _i, and H n to be entire with respect to the spectral parameter z 
and C°° (or meromorphic) in x. 

Postulating the stationary zero-curvature condition 

V n , x = [U, V n ] (2.3) 



([• , •] the commutator), equation (2.3) yields the following fundamental relation- 
ships between the functions F n , H n and G„_i, 

F njX (z,x) = -iu x (x)F n (z,x) - 2izG n -i(z,x), (2.4a) 

H n<x (z, x) = iu x (x)H n (z, x) + 2izG n -i(z, x), ( 2 -4b) 

G n -i iX (z,x) = i(H n (z,x) - F n (z,x)). (2.4c) 

From ( ^.4[ ) one infers that 

■^-( zGn-xiz^) 2 + F n (z,x)H n (z,x) ) =0, (2.5) 



dx 

and hence 

zG n -i(z,x) 2 + F n (z,x)H n (z,x) = Pin{z), (2.6) 
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where P2n{z) is n-independent. It turns out that it is more convenient to define 
J?2n+i(^) = zPiniz) so that ( j2.6| ) becomes 

z 2 G n -i(z,x) 2 + zF n (z,x)H n (z,x) = R 2n +i(z). (2.7) 

Using equations ( |2.4D one can derive individual differential equations for F n and 
H n as follows. From (2.4a) and (2.4c) one infers 

Fn,xx — i'U'xxF'n 2z(H n -fji) ^xFn ^ZU x G n — \. 



Multiplying (2^8) by F n one can eliminate G n -\ to find 
F F 

1 n-L n,xx 

and differentiating with respect to x finally yields 

Fn,xxx ~l~ (4^ "i" i£ x "i" *2iu xx )F nx -f- { , u x v> xx -)- iu xxx ^F n 0. 
A similar analysis for results in 



and 



H n H n ,xx - 2^n,x + + ~ iu xx)Hn — 2i?2n+l 



Hn,xxx ~l~ (4z -j- li^, 1iVj XX ^H n x -\- {ii x u xx iu xxx ^) H n 0. 



Introducing 



1, , 

W± = -j(u x ± 2zU^a; ) i 



equations ( 2.10 ) and ( 2.12 ) take the form 
1 



+ (w + - z)F n<x + -w + , x F n = 0, 



1 



+ (w. 



z)H, 



(2.8) 
(2.9) 
(2.10) 
(2.11) 
(2.12) 
(2.13) 

(2.14a) 
(2.14b) 



which are identical to the corresponding equations for th e Kd V hie rarch y (see [J47| ) 
with potential V — w±. Analogous assertions apply to ( |2.9| ) and ( [2.11 ). Intimate 
connections between the KdV, mKdV, and sine-Gordon (resp. sinh-Gordon) equa- 
tions involving Miura-type transformations have been known for a long time, see, 
for instance, [^l|, [fl8| and m ore recently, ]7q| . Additional comments in this direc- 
tion will be made in Remark 2.3. Thus by making the following polynomial ansatz 
with respect to the spectral parameter z, 



F n (z,x) = } j f n - j (x)z 3 , H n (z,x) = }^h n ^j(x)z 



3=0 



3=0 



we first deduce by taking z = in ( [2.4a ) and (2.4b) that 
fn,x{x) = -iu x (x)f n (x), n 6 N , 
hn tX {x) = iu x (x)h n (x), n e N . 
For neNwe conclude by combining ( |2.14| ) and ( [2.15| ) (cf. @) 
f (x) = 1, n e N, 

fj,x( X ) = --^fj-l,xxx(x) +W + (x}fj^i !X (x) + -W +tX {x)fj- X {x), 



(2.15) 



(2.16a) 
(2.16b) 



(2.17a) 



J 



.,n, n G N, 
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and 

ho(x) = 1, neN, 

hj,x(x) = —^hj-i tXXX {x) +w-(x)hj-i >x (x) + -w-, x (x)hj-i(x), (2.17b) 

j = 1, . . . , n, n G N. 

Furthermore, by taking z = in ( p.6[ ) we find the constraint 

f n (x)h n (x) = P 2n (0). (2.18) 

Compat ibili ty of /„ and /i n , n g N as defined by (|2.16 ) and ( |2.17 ) is proved in 
Lemma |C.2| . 

Explicitly (for n sufficiently large), 

fo = 1, 

iw+ + ci = + 2«i ira .) + ci, 



/l 
h 



(2.19a) 



a ^ o n 14™, Lfc-r 



« ! 5 

J3 32 ^+,:c:EiE:r Jg ^+^+,x:r 32 

+ c 2 |w + + c 3 , etc., 

and 
fro = 1, 

hi = §w_ + ci = — |(u| - 2^*) + ci 
h-2 = —hw-,xx + I + ci^w- + c 2 



x + + Cl(-§W+,xx + §W+) 



32 U xx + iqU x U xxx jjMiiu + 128 W a; 32 U a: U:Ea: s ' 



3 ,,4 3i„,2„ 



(2.19b) 

^(u^ - 2ro Ka; ) +c 2 , 



32 



16 



+ c 2 \w- + c 3 , etc. 

Here {c ijig w denote integration constants, which for compa tibility reasons (see 
Lemma CA ) have to be chosen identical in ( [2.19a ) and ( |2.19b| ) . 
Next, making the ansatz 

n-i 

G-i(z,x) = 0, G n -i(z,x) = }^g n -i-j(x)z j , n g N, 
equation (2.4a) yields 



(2.20) 



.9i( a; ) = oCfj,*^) + iu x (x)fj(x)), j = 0,. . .,n- 1, n G N, 
and /„ )it + = 0, implying 

/ n (x) = ae- ,u(l) , aG<C, n g N . 



(2.21) 



(2.22) 



Recording the first few coefficients in (2.2C) then yields (for n sufficiently large) 



.90 = 

Ql ~ ig "q^xxx ~~ ~2^x-! 

fj2 2~EE^ X "s^^xxxxx 32 ^ x x U x x x "q^^x^xxx ~~ "q^^x^xx 



(2.23) 
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^1 ( 16 ^ x 8 ^ xxx ) 2 ' 

Equation ( |2.4bD yields 

9j(x) = ^(-h jtX {x)+iu x (x)hj{x)), j = 0, . . . ,n - 1, n e N, (2.24) 
and ^ n)iE - itt x /i„ = 0, implying 

h n {x) = f3e iu[x \ (3 eC, «£% (2.25) 
Finally, equation (|2.4c|) implies 

fc>(aO =i(/ij+i(a;) j = 0,...,n-l, neN. (2.26) 
Compatibility of (|2.2l|) , fl2.22|) , and ( |2.24[ ) (|2.26|) is proven in Lemmas |c7l] and |a2"[ 



For notational convenience we define 

9-l(x)=0. (2.27) 

Then 

<?n-i,x(a;)=i(/3e l "^-ae- 4tl ^), n e N , (2.28) 
defines the nth stationary sGmKdV equation, subject to the constraint (cf. ( p. 18 )) 



a(3 = P 2n {0). (2.29) 
We record the first few equations explicitly, 

{(3e m - ae~ m ) = 0, 
-%u xx + (f3e m -ae- lu )=0, (2.30) 
-^{ul + 2u xxx ) x - c x \u xx + {(3e iu - ae~ m ) = 0, etc. 



In particular, for a = (3 ^ 0, the first equation in ( 2.30|) yields the stationary 
sine-Gordon equation (in light-cone coordinates), that is, 

sin(u) = 0. (2.31) 

In the special case a — (3 — one obtains f n = h n = 0, and hence the (n — l)th 
stationary KdV equation is satisfied for the potential w±. Introducing 

(2.32) 

we see that w± and v are related by the Miura-transformation 

W± = v 2 ± v x , (2.33) 

and we may conclude that g n —i,x — equals the (n — l)th stationary mKdV 
equation with solution v for n 6 N. 

For later purposes, it will be convenient to record the homogeneous case defined 
by the vanishing of all integration constants eg. Denote 

fa = fa = 1, go = 9a = -\u x , 

h = /j| ci= ... =c , =0 : 9j = ft-| Cl= ... =Cj=0 , h 3 = h j\ Cl= ... =C]=0 , (2-34) 



fn = fn = ae- m , h n = h n = f3e m , neN . (2.35) 





h Q = 


h 


0' 


hj = 


hj 




j = 


1, 




n G 


No 
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The connection between homogenous and nonhomogeneous quantities then reads, 

3 j 3 

fj = ^2 c tfi-£i 9j = ^2 c ^9j-i, hj = ^2 c thj-i, (2.36) 
e=a e=o e=a 

c = 1, j = 0, .. .,n, n G No- 

Introducing 

3 3 
Fj(z,x) = J2f3-k(x)z k , H 3 {z,x) = ^2kj- k {x)z k , 

k=0 k=0 
3-1 

Gj- X {z,x) = J29j-i-k(x)z k , j=0,...,n,nGM o (2.37) 
then results in 



fe=0 



F n = ) j Cn-jFj, G n _! = 2J c n -i-jGj, H n = ^ c n~j H j, n e N , (2.38) 

j=0 j=0 j=0 



with /„ = / n = ae~ m and /i„ = h n = f3e lu as in ( J2.35| ) . 

Finally, we turn to the time-dependent sGmKdV hierarchy. Introducing a de- 
formation parameter t n G M into it (i.e., u(x) — > u(a;, t n )), the corresponding zero- 
curvature relation reads 

U tn - V n , x + [U, V n ] = 0, n G No, (2.39) 

which results in the following set of equations 

■Uxt n { x ^n) = -2iG n - 1<x (x,t n ) -2(H n (x,t n ) -F n (x,t n )), (2.40a) 

F ntX (x,t n ) = -iu x (x,t n )F„(x,t n ) - 2izG n -i(x,t n ), (2.40b) 

H n ,x(x,t n ) = iu x (x,t n )H n (x,t n ) +2izG n - 1 (x,t n ). (2.40c) 

We follow a more elaborate notation inspired by Hirota's r-function approach and 
indicate the individual nth sGmKdV flow by a separate time variable t n G K. 
(The latter notation suggests consideration of all sGmKdV flows simultaneously by 

introducing t = (to, t\, fa, ... ).) 

Inse rting the polynomial expressions for F n , H n , and G n -\ into ( [2.40b ) and 
( 2.40c ), respectively, first yields 

fn,x(x,t n ^ — iUx \X, t n ^)fn (x, tn ) ) h>n,x(x,t n ^ — ill x i,X, t n *)h n (x, t n ) , 71 G No- 

(2-41) 

In the general case we find 
fo(x,t n ) = l, neN, (2.42a) 

fj,x ^n) — ~^fj — l,xxx (p£) tn) ~t~ ^+ O^j ^n)fj — l,x i^i^n) ~\~ ~^^ J r,x ^n)fj— 1 (*^7 ^n)i 



j = 1, . . . ,n - 1, n > 2, 



and 



^(ar^n) = 1, nGN, (2.42b) 

hj,x \*&) ) — ^ hj — l,xxx ^n) "t - (iU, — ) 5 35 ^nj^j — l O^j ) ? 

j = 1, . . . ,n - 1, n > 2, 



8 



GESZTESY AND HOLDEN 



and (recall our convention (2.27)) 

Uxt n (x,t n ) = -2ig n -i. x (x,t n ) - 2(h n (x,t n ) - f n (x,t n )), n e N , (2.43) 

in addition to equations (|2.2l| ), ( |2.22D , (|2.24j ), ( ^.25[ ), and ( |2.26| ) (the latter equation 
for j = 0, . . . , n — 2 and only for n > 2). Varying n E No then defines the time- 
dependent sGmKdV hierarchy by 

sGmKdV n (u(z, t n )) = u xtn (x, t n ) + 2ig n _ 1<x (x, t n ) + 2{f3e l < x ^ - ae-'"^'"') 

= 0, n 6 N . (2.44) 

Explicitly, the first few equations read 

sGmKdVo(w) = u xto + 2(/3e m - ae" 1 ") = 0, 

sGmKdVi(u) = u xtl - iu xx + 2{f3e lu - ae~ lu ) = 0, (2.45) 

sGmKdV 2 (u) = u xt2 + + 2u xxx ) x - c x iu xx + 2{f3e iu - ae" lu ) = 0, etc. 

In contrast to the stationary case, the constraint ( p. 29 ) does not apply in the 
^-dependent context (2.44) (since the left-hand side of ( |2.40a]) is nonvanishing) . 
Moreover, the compatibility requirements for /„ and h n in (|2.16| ) and (p7|) , which 
were of great significance in the stationary case, are absent in the present time- 
dependent situation. 

Remark 2.1. Here sGmKdVo(u) = sG(u) = is the sine-Gordon equation in light- 
cone coordinates choosing a = (3 = i/4, 

u xto = sin(w). (2.46) 

We note that u xto = 2(ae~ m — (3e tu ) reduces to v xto — sin(w), where v(x,t n ) — 
u(x/a, t ) + (2i)- 1 ln(/3/a), a = -2i(a/5) 1 / 2 , a,/3 e C \ {0}. Writing v = iu and 
setting a — (3 = 1/4, one finds 

v xta = sinh(w), (2.47) 

that is, the sinh-Gordon equation. Similarly, introducing £ = x + to, r\ — x — to 
produces the (hyperbolic) sine-Gordon and (hyperbolic) sinh-Gordon equations in 
laboratory coordinates 

— u m — sin(it), — v m = sinh(ti) (2.48) 

and £ = x + ioi T — i{x — to) produces the elliptic sine-Gordon and elliptic sinh- 
Gordon equations 

+ u TT = sin(u), + v TT = sinh(w). (2.49) 
Similarly, the case a — yields 

u xt0 = -2f3e tu (2.50) 

and a similar equation in the case f3 = 0. Hence writing v = iu and changing coor- 
dinates {x,t ) — » (£,,t) yields the Liouville hierarchy for v (cf., e.g., |7^]) starting 
with 

v a +v TT = 2i(3e- v . (2.51) 

In particular, the results in Sections || and ^ extend to these hierarchies and hence 
we omit further distinctions and focus on the sGmKdV hierarchy in light-cone 
coordinates for the rest of this paper. 



SGMKDV HIERARCHY 







Finally, in the case a = (3 = 0, we define 

v{x,t n )= Ux{X : itn \ (2.52) 
2i 

and the sGmKdV hierarchy reduces to 

v tn (x,t n ) - ig n -i,x(%,tn) = 0, neN, (2.53) 
which equals the (n — l)th modified KdV equation with solution v. 

Remark 2.2. In addition to the nonlocal sine-Gordon hierarchies constructed by 
Sasaki and Bullough |p8[ , |69| , we are aware of a few other attempts introducing a 
nonlocal sG hierarchy. For instance, Newell (62), Sect. 5k introduces a nonlocal sG 
hierarchy using an extension of the AKNS hierarchy, Tracy and Widom [76 discuss 
the sG hierarchy in close connection with the mKdV hierarchy, and Gu [18 derives 
a generalized mKdV-sG hierarchy. On the other hand, the existence of an infinite 



sequence of conservation laws for (2.46) polynomial in u and its x-derivatives (see, 
e.g., |^|) suggests the existence of a local hierarchy involving the sG equation. 
Moreover, the fact that the usual zero-curvature representation for ( 2.46| ) is gauge 



equivalent to that of the nonlinear Schrodinger (nS) equation as discussed in 
Part II, Sect. II. 7 (see also Q, Sect. 5 and Q), and given the fact that the nS 
hierarchy is well-known to be local, also hints to the existence of a local hierarchy 
involving the sG equation even though no further details seem to have been worked 
out. Finally, the strongest indication for the existence of such a local hierarchy is 
provided by the so called /^-representation of the algebro-geometric sG solutions 
(cf. Remark ^ as discussed in @, §§, @, @, @, @. The only work we 



are aware of that clearly aimed at a recursive construction of a local hierarchy 
involving the sG equation is due to Al'ber and Al'ber J3[. Their approach, however, 
seems different from ours and does not start from a zero-curvature representation. 
While a set of recurrence relations is claimed in equations (4.4) and (4.5) of H, no 
explicit formulas are offered and the precise form of the higher-order equations is 
not detailed. 



Remark 2.3. The relationship between the KdV and mKdV and the sGmKdV hi- 
erarchy (^44j) , allu ded t o in ( p,13j ), ( |2.14j ), the paragraph following fl2.14| ), ( |2.32[ ), 
(2.35), (|2.52|), and (2.53), can be made precise as follows. The equation 



is equivalent to 



with 



Ipl.xx = (w+ - Z)lpl, 1p2,xx = (W- - z)lp 2 



W± = V ± V x , 



u/(2i). 



(2.54) 

(2.55) 
(2.56) 



Equation (2.56) represents the familiar Miura transformation between solutions w± 
of the KdV hierarchy and v of the mKdV hierarchy. Since sGmKdV„ (it) = re- 
duces to mKdV„_i(u) = 0, n E N for a = (3 — as discussed in Remark 2.1, 
sGmKdVn (it) = for general a, (3 E C represents a completely integrable linear 
combination of the sG(it) equation and the mKdV n _i(i;) equation. This corre- 
sponds to our choice (|2.2[) of zV n (z, x) being a polynomial with respect to z. The 
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usually considered nonlocal sG hierarchy then corresponds to a choice of zV n (z, x) 
being rational in z with a nontrivial principal part. 

3. The stationary sGmKdV formalism 

This section is devoted to a detailed study of the stationary sGmKdV hierarchy 
and its algebro-geometric solutions. Our principal tool will be a combination of 
the polynomial recursion formalism introduced in Section ^| and a meromorphic 
function <p on a hyperelliptic curve K, n defined in terms of R 2n+ \(z). Moreover, we 
discuss in detail the associated stationary Baker-Akhiezer vector ty(z,x, Xo) and 
associated auxiliary positive divisors of deg ree n o n IC n . 

Throughout this section we assume (pjj) (re s p. (P^l) ), (|2.15|) , (|t|), (|2.19|) , and 



freely employ the for malism develop ed in (2.1 )— ( |2 .38| 



Returning to (2/7) we infer from (|2.15| ) that i?2n+i(z) = zPmiz) is a monomial 



in z of degree 2n + 1 of the form 

In 

R 2n +i(z)= ]J(z- E m ), E =0,E 1 ,...,E 2n eC. (3.1) 



m=0 

Computing 

.2 



1 



det(w/ 2 — iV n (z, x)) = w — det(V n (z, x)) 

= w 2 + G n -!(z, xf + -F n (z, x)H n (z, x) (3.2) 

= w 2 + -^R 2n+ i(z) 

z z 

(with I2 the identity matrix in C 2 ), we are led to introduce the (possibly singular) 
hyperelliptic curve /C„ of arithmetic genus n defined by 

AC„: T n {z.y) = y 2 - R 2n +i(z) = 0. (3.3) 

We compactify IC n by adding the point P^, still denoting its projective closure 
by K n . Hence K, n becomes a two-sheeted Riemann surface of arithmetic genus 
n. Finite points P on K, n are denoted by P — (z,y), where y(P) denotes the 
meromorphic function on IC n satisfying J- n {z, y) = 0. The complex structure on K, n 
is then defined in a standard manner. Furthermore, we introduce the involution 

*:K n ^K, n , P=(z,y)^P* = {z,-y). (3.4) 

For further properties and notation concerning hyperelliptic curves we refer to Ap- 
pendix [a]. 

In order to avoid numerous case distinctions because of the trivial case n = 0, 
we shall assume n € N for the remainder of this section. Moreover, to simplify our 
presentation in the following, we will subsequently focus on sG-type equations and 
hence assume 



a, 13 eC\{0}. (3.5) 



By (2.29) this is equivalent to 

2n 

P 2n (0) = n E m = a{3 ji 0. (3.6) 

Hence, from this point on, we suppose 

E Q = 0, E m e C \ {0}, m = 0, . . . , 2n. (3.7) 
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In the following we need the roots of the polynomials F n and H ni and hence 
introduce 

n n 

F n (z,x) = l[(z-[i j (x)), H n (z,x) = l[(z-u j (x)). (3.8) 

3=1 j=l 

Next, define 

flj(x) = (fjbj(x),-fij(x)G n -i(tij(x),x)) £ IC n , j = l,...,n, (3.9a) 
Oj(x) = (vj(x),i/j(x)G n -i(vj(x),x)) e K n , j = l,...,n (3.9b) 

and 

P = (0,0). (3.10) 

Define the fundamental meromorphic function <f> on K, n by 

i/ D \ V ~ z G n -\(z,x) zH n (z,x) / Q11 v 

(j>{P,x) = — r = , r, z e R, P = (z,y) € £„, (3.11) 

"n{ZjX) y Z{jr n — \yZ,X) 

with divisor (</>(P, a:)) (cf. the notation for divisors introduced in ( A.3C| ) and ( A. 31 )) 
given by 

{4>{P,x)) = V PoKx) - V Poom , (3.12) 

where we abbreviated 

p(x) = (ft 1 (x) i ...,fx n (x)), v(x) = (pi{x), . . . ,v n {x)). (3.13) 
The stationary Baker-Akhiezer function 

*(p, x , X0 )=(i\ p P :^\ (3.i4) 



J>2 (P, X,X ) 

is defined on IC n \ {Poo} by 

ipi(P,x,x ) = exp (-^(u(x) - u(x j) + ij dx' 0(P, x')j , (3.15) 
^ 2 (P,x,x ) = -i/ii(P, x,x )<p(P,x), (3.16) 

(x,x Q ) el 2 , Pe/C„\{Poo}. 

We summarize the fundamental properties of and '5 in the following lemma. 



Lemma 3.1. Assume (3.7), P = (z,y) £ /C„ \ {Poo}, and Zei (z,x,xo) £ C x R 2 . 
TTien satisfies 

4>(P, x) 2 - i<f> x (P, x) = z + u x (x)cj>(P, x), (3.17) 

<l>(P,x) +</>(!», x)=-2z G "-^ Z, *\ (3.18) 

^(z, a;) 

^(P,^(P*,x)=-z§^4 ) (3.19) 

cj ) (P, x )-ct>{P\x)=2-^p- (3.20) 
P„(z,x) 

w/iiZe ^ is meromorphic on JC n \ {Poo} and fulfills 

* B (P, x, a; ) = a;)*(P, x, s ), (3.21) 

_ ffi*(p, a;, Io ) = V n (z, x)*(P, x, x ), (3.22) 
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%j)\(P,X,X ) 



F n (z,x) \ 1/2 



^F n (z,x ) 



exp ( iy(P) I 

V Jxo 

F n (z,x) 



dx' 



F n (z,x<) 



ip 2 (P,x,x )ip2(P*,x,x ) = -z 



F n {z,x Q y 

H n (z,x) 



F n (z,x ) ' 



ipx(P,x,x )ip2(P*,x,x ) +i>i{P*,x,x )ip2(P,x 1 x ) = 2z 
ipi(P,x,x )ip2(P*,x,x ) - ipi(P*,x,x )i>2(P,x,x ) = 2 
Moreover, u satisfies the following trace relations 

u(x) 



Gn-^z^x) 
F n (z,x ) 

V(P) 



F„{z,x )' 



u(x) 



:in((-l)"a- 1 f[ W ( a; )y 
V j= i / 

-tin ((-lTp-'fi^ix)), 

V i=i ' 



where (cf. (3.6) ) 



2n 



*v = n e ™ * °- 



(3.23) 
(3.24) 
(3.25) 
(3.26) 
(3.27) 

(3.28a) 
(3.28b) 

(3.29) 



Proof. Equation (3.17) follows using the definition (3.11) of </> as well as relations 
(p^). The other relations, ( |3.18 )-( 3~2"o| ), are easy consequences of y{P*) = —y{P) 
in addition to (2.4). 

By ( 3.15| ) and fl3.16| ), ^ is meromorphic away from the poles fij(x') of <p( ■ ,x'). 
By (pippll), and Q, 



i4>{P,x') = - ln(F n (z,x'))\ +0(1) 



(3.30) 



and hence ip\ is meromorphic on /C„ \ {Poo} by (3.15). Since <j) is meromorphic 
on IC n , ip2 is meromorphic on K, n \ {Poo}. The remaining properties of \& can be 
verified by using the definition (3.14)— (3.16) as well as the relations (3.17)— (3.20). 
I n pa rticular, equa tion (3.23) follows by inserting the definition of <f>, (3.11), into 
(jrj), using gg). 

Final ly, the trace relati on (3.28a ) follows by conside ring th e constant term in F n 
in ( [2.15 ) combined with ( 2.22 ) and ([3.8]). Equation ( 3.28b] ) can be deduced in a 
similar way studying the polynomial H n . □ 

Next, we derive differential equations, (i.e., Dubrovin-type equations) for fij and 
Vj. For this purpose, and for the theta function representations to follow in Theorem 
p.4| we need to assume that K. n is nonsingular. Summing up all our conditions on 
{P m } m= o,...,2n C C we thus assume 



Eq = 0, E m ^ E n for m ^ n, m, n = 0, 1, . 
for the rest of this section. 



,2n 



(3.31) 
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Lemma 3.2. Assume (3.31) and suppose that the zeros {/^ (cc)}j=i,...,n of F n { ■ , x) 
remain distinct for x G Q, where Q C K is an open interval. Then {Hj{x)}j = i t ... tn 
satisfies the following first-order system of differential equations 



f-^j.x (^) 



-2i 



, n, x G f2, 



(3.32) 



with initial conditions 

p-j(x ) G IC„, j = l,...,n (3.33) 

for some fixed xq G il. The initial value problem ( 3.32j ) ; ( 3.33 ) has a unique solution 
{fij(x)}j = i i ... in such that 

fijix) eC°°(0,/C n ), j = l,...,n. (3.34) 

For the zeros {vj{x)}j = i.... tTl of H n ( - ,x) identical statements hold with /i replaced 
by v. In particular, {vj{x)}j = i^..^ n satisfies 

Vipj{x)) 



Vj,x(x) = -2i 



Y\jLl{vj{x) - vt{x)Y 



j = 1, ...,n, x e ft. 



(3.35) 



Proof. We only prove equation (3.32) since the proof of (3.35) follows in an identical 
manner. Inserting z — fj,j into equation (2.4a), one concludes from (3.9a) 



Fn,x (t^j 



"Mi 



,x U (Mj - Vt) = -2«Mi G n-ife) = 2iy(fij), 



(3.36) 



£=i 



proving (3.32). The smoothness assertion (3.34) is clear as long as fij(x) stays away 
from the branch points (E m , 0). In case fj-j(x) hits such a branch point, one can use 
the local chart around (E m ,0) (with local coordinate £ = a{z — Em) 1 ' 2 , a = ±1) 
to verify (|J|). □ 



Remark 3.3. If a = (as in Liouville-type equations ( p. 51 )), the fact that /„(x) 
= ( — 1)™ Mi( a; ) — forces (at least) one fij (x) to coincide with P = (0,0) 
and hence to be x-independent. Similarly, if a = {3 = 0, then fij^x) = Pj 2 (x) = Pq 
for some Ji, J2 €E {1, . . . , n}. 

We end this section by deriving representations of the functions </>, 'J as well as 
u, in terms of the Ricmann theta function 9 of IC n . We will be relatively brief in 
our exposition and refer to §, Chs. 2-4, §|-||, f§-& S & & 0, 
and |}4j, Ch. II for the general algebro-geometric approach to intcgrablc soliton 
equations. We freely use the notation established in Appendix 0. 

(31 

We choose an arbitrary but fixed base point Qo on K n \ {Pq, Poo}- Let P 
be a normal differential of the third kind (cf. (A. 20) and (A. 21)) with simple poles 
at Poo and Pq with residues 1 and —1, respectively. Thus 



;fi,fb c = (C' + OiWC as P^P. 

= (-C _1 + o(i)K asp 



where 



( = cj/z 1 / 2 for P near P^, C = cz 1/2 for P near P , = ±1, 



(3.37a) 
(3.37b) 

(3.38) 
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Z V2 _ | 2 V2| e | arg( 2 )^ Q < &yg ^ < 



Qo 
P 



(3) 



(3) 



e_iC _1 + e + 0(C) as P ^ Poo, (3.39a) 
rfiC + 0(C 2 ) asP^Po, (3.39b) 



for appropriate coefficients e_i, eo, and di depending on the base point Qo- In the 
remainder of this paper we choose Qq G K, n \ {Pq, Poo} such that 

e_i = 1 (3.40) 

in ( |3.39a|) . Let Up' be the normalized differential of the second kind holomorphic 
on JC n \ {Poo} such that (cf. (|A.16[ )-( |A.18| )) 

(3.41) 



^pio c = q (C 2 + 0(l))dC as P -> Po< 



and denote the vector of 6-periods of Wp / (2?ri) by [/q 2 -* , that is, 



— ^0.1 ' ■ ■ ■ ' U 0.?J' ^0 



r (2) 



(2)> 



r(0) 



27TJ 



wj??„ = -2 Cj -(n), i = l,...,n, (3.42) 



applying ( |A.18[ ) 



Theorem 3.4. Assume ( 3.31 ), ( 3.40 ), P £ /C„ \ {Poo}, and x,xq G Cl, where 
Q QM. is an open interval. Suppose that 'Dp i ( x \ ) or equivalently, T>{,t x \ is nonspecial 
for x G O. TTien <j>{P,x) admits the representation 

0(^ Qo ~A Qo (Poo) + a Qo (%,))) 



^(S Qo - 4 Qo (Poo) + «Q (%,))+ 4) 

^(HQ D -^Q (P)+aQ (%x)) + A) 



■ exp 



.(3) 

; Poo,P (' 



(3.43) 



0(Sq o -4q o OP)+«q o (%*))) V JQo 

wif/i A a halfperiod defined as 

A = A Po (Poo), 2A = (mod i n ). (3.44) 

The components tpj(P,x,Xo), j = 1,2 of the Baker- Akhiezer function ^(P, x, xq) 
read, 

om Qo - A Qo (P) + a Qo (v Bx) ))9(E Qo - Aq (Poo) + « Qo (%, ))) 



S Qo -^Q (Poc)+a3 (% iC )))^(3 QD - 4 Qo (P) + a Qo (% xo) )) 
x exp [ - i(x - Xq) ujpI.q) (3.45) 



i(x-a; ) / 
and 

■^(P^o) 

g(S Qo - 4q (P) + « Qo + A) 8(Z Qo - A Qo (P^) + a Qo (% ao) )) 

^(S Qo -4 Qo (Poo) + a Qo (%,)) + A) 0(H Qo - Aq d (P) +a Qo (C Mxo) )) 



• exp I — i(x — xo) / wj, 



/3) 



(3.46) 
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The Abel map linearizes the auxiliary divisors in the sense that 
°Lq { v Mx)) = otQ {T>^x )) - 2ic{n)(x - x ), 
QLQ { V iL(x)) = Sq (%(x )) ~ 2ic(n)(x ~ x ), 



(3.47a) 
(3.47b) 



where c(n) is defined in (A. 7). The stationary solution u(x) of sGmKdV„(u) = 
finally reads 



■ exp I 



ie {x - x )) 



u{x) — u(xq) 

2% ( 9(P 00 ,{ L (x),A)9(P 00 ,{j(xo)) 
1 n \9(P oo ,f L (x ),A)9(P oo ,gx)) 

abbreviating 

9(P,Q) = 9(E Q(> - A Qo (P) +a Qo (Pg)), 
9(P, Q, A) = 9(E Qa - A Qo (P) + a Qo (Vg) + A), 

Q = (Qi, ■ * * 5 Qn) s a n K n . 

Proof. Assume temporarily that 

Hj(x) 7^ fijr(x), v m {x) ^ v m i(x) for j 7^ j', m ^ m', and i e O C !], 



(3.48) 



(3.49) 



(3.50) 



where fl is an open inte rval. Denote the right-hand side of ( p.43| ) by By the 
Riemann-Roch theorem ( A.36 ) , to prove that (f> = $ it suffices to show that cf> and 
$ have the same poles and zeros as well as the same value at one point on K, n . 
From the definition (3.11) of (j) we conclude that it has simple zeros at v(x) and Pq 
and simple poles at fi(x) and Poo- Note the linear equivalence Dp^/iCx) ~ T^p u(x)i 
that is, 



and hence 



with 



A Qo (Poo ) + a Qo (%*)) = A Qo (P ) + a Qo {V m ) 

^Qo ) = «Qo ( V K X ) ) + A, 

A = A Po (P oc ). 



(3.51) 
(3.52) 
(3.53) 



Since Pq and P^ are branch points of /C n , the right-hand side of (3.53) is a half- 
period, proving (3.44). By Theorem |A.3| one conclude s tha t $ and <f> share the same 



zeros and poles. Thus <&/</> equals a constant. From (|3.11| ) one infers that 

(f>(P,x) = C -1 +O(l) as P^ Poo, (3.54) 

and using the leading term in the expansion ( 3.39a| ) with e_i = 1 according to 
( 3.4C ) then proves = $ subject to (3.5C). 

Next we turn to the proof of (3.45). One infers from (3.24) that ipi has first-order 
zeros at fi(x), and first-order poles at jj,(xo). Thus, by Theorem A. 2, ipi contains 
a factor 9(P, fi(x))/ '9(P, p,(xo)). A high-energy expansion (cf. (BJ3)) then reveals 
that 



iy(P) 



dx' 

F n (z,X<) C-0 



= i(x - xqX^ 1 + 0(1) as P -> P,. 



(3.55) 
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and upon inserting (3.11) into ( |3.15 ) one concludes that ip\ has an essential singu- 
larity at Pqo precisely of the type ( 3.55| ). Since 



/2) 



-C l + 0(l) as P^ P^, 



(3.56) 



t he R iemann-Roc h-typ e uniqueness result, Lemma A.5, app lied to ip% then yields 
( 3.45 ) subj ec t to (|3 - 5C| ) . The c orresponding expression (13.461) for ^ 2 is then obvious 
from (|3~T6|) , (|3.43|), and (|1|). 

Next we prove the linearization property (3.47a) using Lemma 3.2 (still assuming 
(j3~5(il)). Equation (|3.47b| ) then follows from ( |3.47a| ) and ( |3.5l| ). From 



^°( v Mx)) = [z2j Q ^) ( modL 



and the Dubrovin equations (3.32) one infers 



fc-i 



fe=i 



= -2i J2 



a; 6 f2. 



Lagrange's interpolation formula (cf. Theorem B.l ) 



5k,n, 



e=i 



then yields 



(3.57) 



(3.58) 



(3.59) 



dx~ 



£(*)) = -2ic(n) = iU , ie!! 



(3.60) 



and hence (3.47a) subject to (3.50). Moreo ver, applying (A. 18) establishes the 
relation between the left-hand side of ( 3.60 ) and the vector U_ of 6-periods of 

f 2) A K 

uj p /(27r«) introduced in ( |3.42| ). 

To prove formula ( 3.48| ) for u(x) we employ a high-energy expansion for cj)(P, x) 
and the Riccati equation (3.17). First we conclude from (A. 10) 



u = q (-2c(n) + 0(C))d( as P -> P a 



(3.61) 



and hence 



4 Qo (P) 



w (mod L n ) = A Qo (Poo) - 2c(n)C + 0(( d ) 
Qo 

A Qo (Poo) + u^C + o(C 2 ), 



(3.62) 



using ( A.lq) and ( 3.42 ). Expanding the subsequent ratios of Riemann theta func- 
tions in ( |3.43| ) one finds 

0(P,A(aO) 



0(Poo,Kx)) 
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= E;U< ) o|-^(gQ ~^Oo(^)+^ + gQo(AW))I^O 3 ^ 

C-o ^(S Qo -^ Qo (Poo) + a Qo (AW)) ^ 14 j ' 

(3.63) 

and the same formula for the theta function ratio involving the additional half- 
period A. Here Xw =1 U^d/dwj denotes the directional derivative in J/q -direction. 
Given (§1|) we may write 

n d 

E ?C/ <S d^°^Qo - ^Qo (Pco)+w + a Qo (g.xo)) + iU% ] (x ~ x Q ))\^o 
i=i 

= ^(§q -A Qa {Poc) + a Q XKx ))+iU£\x-x )), (3.64) 

and hence obtain from (3.63), 

6(P,u(x)) d 

' ' l ^ln(6(P ool fi(x))K + 0(( 3 ) asP^Poo, (3.65) 



9(P 00 ,fi{x)) c^o dx 

and the identical formula for the theta function ratio involving A. Together with 
( p.39a| ) this shows that 

<I>{P, x) = C 1 + i± In C^Z'-ft'^ ) + e o + 0(C) as P - P x . (3.66) 
C^o dx \ 9{P 0o ,fJ L {x)) ) 

Expanding the Riccati equation ( [3.17 ) for P near P^ then yields 

d ( 9(P OOJ ( i (x),A) \ 
u x = 2i— — In — — — + 2eo, x 6 11 (3.67) 



dx \ 0(P oo ,p{x)) 

and hence (3.48), assuming ( 3.50| ). The extension of all these results from x G 51 to 
x G then simply follows from the continuity of a P and the hypothesis of r D[ L ( x ) 
being nonspecial for x G fi. 

To verify that indeed satisfies nth stationary sGmKdV equation it suffices 
to note 

(V n>x - [U, V n ])V = -^(K* + |*) = 0, (3.68) 



applying (3.21) and (3.22) repeatedly. Since P G K, n \ {Poo} is arbitrary, one 
concludes V n ,x — [U, V n ] = which completes the proof. □ 

While this approach to the algebro-geometric solutions of the sGmKdV hierar- 
chy resembles that of the AKNS hierarchy (which includes the mKdV hierarchy) in 
many ways (cf. p6[) ; there are, however, some characteristic differences. In partic- 
ular, the branch point Po = (0, 0) is an unusual necessity in the sG context and Poo 
(as in the KdV context) is a branch point as opposed to the AKNS case. This shows 
that sGmKdV curves are actually special KdV curves (with a branch point). 

4. The time-dependent sGmKdV formalism 

In our final section we indicate how to employ the polynomial formalism of 
Sections || and || to derive the algebro-geometric solutions of the sGmKdV hierarchy. 

The basic problem in the analysis of algebro-geometric solutions of completely 
integrable soliton equations is to solve the time-dependent rth sGmKdV equation 
with initial data a stationary solution of the nth equation in the hierarchy. More 
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precisely, consider a solution u' ' (x) of the nth stationary sGmKdV equation, that 



g n -i,x - i{P<? 

subject to the constraint 



) = 0, n £ N, 



a/3 = P 2n {0). 



(4.1) 



(4.2) 



Let r £ N be fixed (and independent of n). We want to find a solution u of 
sGmKdV r (it) = with u(x, io,r) — u^(x). To emphasize that the integration 
constants that enter in the definitions of the sGmKdV hierarchy may be different 
for the stationary initial data and the time-dependent equation, we indicate this 
by adding a tilde on all the time-dependent quantities. Hence we shall employ the 
notation V r , F r , G r ~i, H r , ft, gt, hi, ct, a, (3 in order to distinguish them from 
V n , F n , G„_i, H n , ft, gt, h e , c t , a, (3, in the following. 
Thus we are seeking a solution u of 

sGmKdV r (u) = u xt +2ig r - lx -i(/3e iu -ae- iu ) = 0, u(x,t r ) = u {0 \x). 

(4.3) 

Actually, since we need to rely on the isospectral property of the sGmKdV flows we 
go a s tep further and assume (4.1) not only at t r — io,r but for all t r £ M. Together 
with (4.3) we are thus led to start with 



U tr - V r , x + [U, V r ] = 0, V n , x = [U, V n ] , (x, t r ) £ K ! 

Explicitly, this yields for each entry of V n and V r (cf. (2.4), ( 2.40|) ) 

Fn,x i^xFn ^izGji— i, 

H n ,x — iu x H n + 2izG n -i, 
Gn—x,x = i(H n — F n ). 

and 

-2iG r -i tX — 2(H r — F r ), 



u x t r 
p 

± r,x 



— 2izG r -i, 
2izG r -\. 



(4.4) 

(4.5a) 
(4.5b) 
(4.5c) 

(4.6a) 
(4.6b) 
(4.6c) 



At this point we proceed assuming there is a solution of (4.3), or rather, equa- 
tions (4.5) and ( |4.6| ). Once explicit expressions for algebro-geometric solutions are 
obtained, it is a straightforward manner to verify directly that they satisfy (4.4) 
(reap., (|]| and (fOj)). 

It will turn out later (cf. Remark |4.3| ) that a,/3,a,/3 in (4.1) and (4.2) are not 
independent of each other but constrained by 



f n h r = f r h n or a/3 = a/3. 



(4.7) 



Throughout this section we assume (4.4) (resp. ( p~E| ) and ( f4.6[) ) and in accordance 
with Section ^ we suppose that F n , G n -i, H n , F r , G r _i, and H r have the polyno- 
mial structure ( 2.15| ), ( |3.8| ), with t r £ R the additional deformation parameter in 
u. We also recall our conventions in (2.2C) and (2.27) and set 



G-x{x,t ) = 0, g-i{x,t Q ) = for r = 0. 



(4.8) 
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Hence (p|)-(^) apply to F n , G n - U H n , f h g h and hj and fl2lEj) , J2l9|)-(^25|), 
( ^2p ) for j = 0, . . . , n - 2, (|2.34|)- (|2.44D , with n -> r, c £ -> q, a -> a, /3 -> /3 apply 
to P r , G r _i, P r , /j, <?,,•, and /ij. In particular, the fundamental identity ( |2.7| ) holds, 

z 2 G„_i(z, x,< r ) 2 + zF n (z,x,t r )H n (z,x,t r ) = R 2n +i{z), (4.9) 

with 

n n 

F„(z,a;,t r ) = JJ(-?-Mj(«i*r)), H n {z,x,t r ) = Y\_(z - v>j(x,t r )), (4.10) 

3=1 3=1 



assuming (3.7) for the remainder of this section. Hence the hyperelliptic curve IC n 
is still given by 

IC n : T n {z,y) = y 2 - R 2n+ i(z) = 0. (4.11) 



In analogy to equations ( p.9| ) and (3.11) we define 

fij(x,t r ) = (/j,j(x,t r ), -fij(x,t r )G n - 1 (fj,j(x,t r ),x,t r )) S /C„, j = 1, . . . ,n, 

(4.12a) 

£>j(x,t r ) = (Vj(x,t r ),Vj(x,tr)G n -i(Vj(x,tr),X,tr)) € JC n , J = 1, ... ,71. (4.12b) 

and 

y(P) - zG n -i(z,x,t r ) _ zH n (z,x,t r ) 



<t>(P,x,t r ) = 



(4.13) 



(4.14) 



F„(z, £,i r ) y(P) + zG n _i(z, ir,i r )' 

(x,t r )eM 2 ,P=(z,y)e/C„\{-Poo} 
Hence the divisor (<^(P, a;, t r )) of <j>(P, x, t r ) reads 

(<f>{P,x,t T )) = 'Dp z(x,t r ) - "D Poo /i( x ,t r ) i 
with 

fa(x,t r ) = (jj,l(x,t r ), . . . ,fJ, n (x,t r )), P(x,t r ) = (Pl(x,t r ), ■ ■ ■ ,i>„(x,t r )). (4.15) 

The time-dependent Baker- Akhiezer function 
is defined by 



(4.16) 



jj)l(P,X,Xo,tr,to,r) = exp ( - -(u(x,t r ) - u(x ,t r )) 



(4.17) 



+ i [ dx' <j)(P,x' ,t r ) - I ds (-F r (z,XQ,s)(j)(P ) xo,s) + G r -x(z,XQ,sj) 

Jx Jt a , r z 

1p2(P,X,X ,t r ,to,r) = -l/jl(P,X,X ,t r ,to,r)(t>(P,X,t r ), (4-18) 

P 6 Kn \ {Poo}, (X, X , tr, to.r) G K 4 . 

The properties of <f> can now be summarized as follows. 



Lemma 4.1. Assume (3.7), P = (z,y) G K n \ {Poo}; and let (z,x,Xo,t r ,to t r) £ 
Cxi 4 . Then the function cf> satisfies 

<f>{P,X,t r f -i<f> x (P,X,t r ) = Z + U x (x,tr)<t>(P,X,t r ), (4.19) 



4> tr (P,x,t r ) = F r (z,x,t r ) - H r (z,x,t r ) + ~(4>(P,x,t r )F r (z,x,t r )) x , (4.20) 

z 
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<j>{P,X,tr) +(}>{P*,X,t r ) = -2z 

<f>(P,x,t r )<f>(P*,x,t r ) = -z 
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G n -l{z, X, t r ) 



Ffi (z, X, tr) 

H n (Z) x : t r ) 



</)(P,x,t r )-(l>(P*,x,t r ) = 2 



y(P) 



(4.21) 
(4.22) 
(4.23) 



F n (z, x, t r ) 

Proof. Equation ( 4.19| ) follows as in Lemma 3^. To prove ( 4.20 ) we first observe 



that 



(d x + i{2<j) - u x ))(<f> tr + (H r - F r ) - -((j>F r ) x ) = 



using (4.19) and relations (4.6) repeatedly. Thus, 



(H r — F r ) {<f>F r ) x — Cexp ( — i dx' (20 — u x >) 



(4.24) 



(4.25) 



where the left-hand side is meromorphic at Ppo , wh ile the right-h and s id e is m ero- 
morphic at Poo only if C = 0, which proves ( 4.2C ) . Equations ( 4.21 )— ( 4.23 ) are 
proved as in Lemma p.l|. □ 



Next we prove that relations (4.5) and (4.6) determine the time-development of F n , 



G n , and H„ 



Lemma 4.2. Suppose (3.7) and let (z,x,Xq, t r ,t 0>r ) G C x K 4 . Then 

F n ,t r = 2(G„_iP r — G r -iF n ), 
zG n ~ij r — {F n H r — F r H n ), 

H n ,t r — 2{G r -iH n — G n -\H r ). 



Equations ( 4.26 ) are equivalent to^j 

V n ,t r = [V r ,V„}. 

Proof. We prove (4.26a) by using ( 1.23] ) which shows that 



(<j>(P) - <j>(P*)) tr = -2y(P)- 



F 2 



(4.26a) 
(4.26b) 
(4.26c) 

(4.27) 
(4.28) 



</>(P) tr - <j>{P*) tr = -^i(G r _ x P„ - F r G n -i), 



(4.29) 



However, the left-hand side of (4.28) also equals 

MP ) , 

using ( pL20l ), ( |423] ), d^Sah , and jOaj). C ombining (p28| ) and ( pL2S| ) proves fl4.26aQ . 
Similarly, to prove ( 4.26b| ), we use (4.21) to write 

{4>(P) +4>{P*))t r = -|j(G n _ 1)tr F„ - G n _iF n)tr ). (4.30) 

Here the left-hand side can be expressed as 

0(P) tr + 0(P*) tr = -2ff r + 2§iP r + 4z(%i) 2 P r - 4*%iG r _i, (4.31) 



P„ 



1 Eq uat ion (1.27) is almost equivalent with the consistency requirement that V n ,xt r = Vn.t r x- 
Using we find [V r , V n ]a; = V n .t r x- This shows that [V r , V n ] equals V n ,t r up to a 2 X 2 matrix 

depending on z and t r , but not on x. (1.27) shows that this matrix is identically zero. 
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using ( pi~5al) an d ( ggg ). Combining ( p~3C| ) and using ( |4.26a| ), proves (| 4.26b| ). 

Finally, (4.26c) follows by differentiating (4.9), that is, (zG„_i) 2 + zF n H n = i?2n+i) 
with respect to t r , and using (4.26a) and (4.26b). □ 

Remark 4.3. Taking z = in (|4.26b| ), one infers the compatibility relation 

f n (x)h r (x) = f r (x)h n (x), (4.32) 

/3e™, and h r = (3e m , one 



or equivalently, using /„ = ae lu , f r — ae 
obtains the constraint 

a$ = a(3. 



1 h 



(4.33) 



Lemmas 4.1 and fL2] permit us to characterize "J*. 



Lemma 4.4. Assume (3/7), P = (z, y) E JC n \ {Poo}, and let (x, xo, t r , i ,r) & 
Then the Baker- Akhiezer function ^ is meromorphic on /C n \ {Poo} and satisfies 



^x{P,x,x ,t ri t 0tr ) = U(z,x,t r )i&(P,x,Xo,t r ,to ;r ), 

y(P) 

^(P 7 x,x ,t r ,t _ r ) = V n (z,x,t r )^(P,x,x ,t r ,t 0r ), 

z 

*i r (P, X, Xo,t r ,to,r) = V r (z, X, t r )^ (P, X, X , t r , i ,r), 
tpl (P,X,XQ,t r ,to,r) 



(4.34) 
(4.35) 

(4.36) 
(4.37) 



F n (z, x, t r ) 



1/2 



exp iy(P) 



dx' 



Ipl (P, X, X , t r , t , r )^l (P*,X, X ,t r , t 0>r ) 



y(P) /•'- ds F r (z,x ,s) 



no F n (z,X,t r ) Z Jto^r Ffi^Z, Xq, s) J 

F n ( Z , X , t r ) 



^ 2 (P,Z,Z0, Wo,r)^2(-P*, *r,*0,r) = -Z 



F n (z,X ,to,r)' 

Hjl ( Z j X 5 £ r ) 



?/>l(P, X, Zo, * r , h,r)^{P*, X, X , t r , *0,r) 

+ i/'i(P*,a;,a;o,i r ,io,r)'02(P,x,a;o,^,io,r) = 2z 

^l(P, X, X , i r , t 0tr )lp 2 (P*, X, X ,t r , t . r ) 

- tp 1 (P*,X,Xo,t r ,t 0>r )lp2(P,X,Xo,t r ,to,r) = 2 



F n {z,x Q ,to, r y 

G n -l(z,X,t r ) 



(4.38) 
(4.39) 

(4.40) 

. , • (4-41) 

Proof. Relations ( |4.34| ) and ( |4.35| ) follow as in Lem ma |3.1| , while the time evolution 
(4.3£) is a consequence of the definition of <3> in ( [1.17 ), (4.1?) as well as (4.20). 
rewriting 



F n (z 7 x 0l t . r ) 

y(P) 



,i~ ~ 1 
'-(/>F r + iG r -i + -u tr 
v z 2 



(4.42) 



using (4.6a) and 



h = -H r + -F r <f>* + 24>G r -i, (4.43) 

z 



using ( |4.19| ) and ( [4.6b| ). To prove ( |4.37| ) we recall the definition fl4.17| ), that is, 



tpi(P, x,x ,t r ,t 0>r ) = exp 



-(u(x,t r ) - u(x ,t r )) 



(4.44) 



2:2 
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+ i / dx' 4>(P, x',t r ) - / ds (-F r {z,x , s)(j>{P, Xq, s) + G r -i(z,x , a)) 



exp I iy(P) / dx' 



-(it(:r, i r ) — tt(xo, ir)) — iz / 



F n (z : X f 7 t r ) Jtor Fjiiz, Xq, SJ 

/ G n —i(z : x , £ r ) 



-f n (z, x , i r ) 



+ / rfs (^^-^^■G' n _i(z,xo,s) - G r _i(z,a;o,s)) ), 



using ( 4.13 ). By fir st in voking ( 4.5a ) and subsequently ( 4.26a ), relation ( 4.37 ) 
follows. Evaluating ( 4.37 ) at the points P and P* and multiplying the resulting 
expre ss ions yields ( 4.38| ). The remaining statements are direct consequences of 
(^2l)-C23|) and (|4.37|) . □ 

We also note the following trace formulas, the independent analog of ( |3.28| ). 
Lemma 4.5. Suppose (3/7). Thenu(x,t r ) satisfies 

u(x,t r ) =iln( (-l) n a^ 1 Y[fi j (x,t r )Y 
V 7= i / 



i(x,t r ) = -iln ( (-l^/T 1 Y\_Vj{x,t r ) 

i=i 



w/iere a/3 = Ilm=i 



Proof. The proof is identical to that of relations (3.28). 



(4.45a) 
(4.45b) 

□ 



Next we turn to the time evolution of the quantities \ij and Vj and, as in Section 
[|, we will assume that K, n is nonsingular for the rest of this section. 

Lemma 4.6. Assume ( |3.31 ) and suppose the zeros {Mj(^) ir)}j=i,...,n of F n (- ,x,t r ) 
remain distinct for (x,t r ) E fl, where O C R 2 is open and connected. Then 
{fij(x, t r )}j = x satisfies the following system of differential equations 



f-ij,x(x^t r ^ — 1i 



y(fj,j(x,t r )) 



Yle=i{Vj{x,t r ) - jj,i(x,t r ))' 



fJ-j,t r (x, U) = 2 



F r (nj(x,t r ),x,t r ) y(p,j(x,t r )) 

fij(x,t r ) Il?=i(Mj(a;>*r) - He(x,t r )) : 



(4.46) 
(4.47) 



j = 1, . . . ,n, (x,tr) £ n. 



with initial conditions 



fij(xo,to,r) e /C„, i = 1 



j . . . 3 . 



(4.48) 



/or some /ixerf (xo,io.r) E fi. 27ie initial value problem ( 4.46| )-( [4.48 ) /ias a unique 
solution {fij(x,t r )}j=i } ... >n such that 



fj,j(x,t r ) E C°°(0, /C n ), j = l,...,n. 



(4.49) 
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For the zeros {i>j(x, f r )}j=i,...,n of H n (-,x,t r ) identical statements hold with [i 
replaced by v . In 'particular, \v 3 -,(x, f r )}j=i,...,« satisfies 



^j,x{Xi^r) 2z y-rU 



y(vj(x,t r )) 



Y\t=i{vj{x,t r ) - i> e (x,t r ))' 

1+3 



Vj,t r (x,t r ) = 2 



y(uj(x,t r )) 



Uj(x,t r ) U?=i{yj{x,t r ) -vt{x,t r ))' 



(4.50) 
(4.51) 



j = 1, . . . ,n, (x,t r ) £ fl 



Proof. It suffi ces to prove ( 4.47 ) since the argument for ( 4.51 ) is analogous and 
that for ( [4.46] ) an d (4.50 ) has been given in the proof of Lemma Inserting 
z = [ij(x,t r ) into ( 4.26a ), observing ( [4.12a ), yields 

F n ,tM = -Mj.tr fl(Mj - = 2^^G n -i(^) = -2^My(Ai). (4.52) 



£=1 



Mj 



Mj 



The rest is identical to the proof of Lemma 3.2. 



□ 



Remark 4.7. Consider the case n £ N, and r = 0, and a = (3 = Then, as 

explicitly proven in @, @, @, g, @, 



3=1 



satisfies 



l xta 



sin(u) 



(4.53) 



(4.54) 



whenever {Aj(j>*o)}j=i,...,n satisfies ( 4.46| ) and (4.47) for r = 0. As discussed 
in detail in the tr ace r elation ( 4.45a| ) for u(x,t r ) subject to the Dubrovin- 
type equations ( 4.46 ), ( 4.47 ) yields algebro-geometric solutions of (higher-order) 
sGmKdV equations. In fact, a systematic study of F r (fj,j) in terms of certain 
symmetric functions of fj,i, . . . , ^ n (cf. Appendix [b]) yields an alternative approach 
to the sGmKdV hierarchy. 

Next we turn to the principal result of this section, the representation of cf>, ty, 
and u in terms of the Riemann theta function associated with K, n . First we need 



to introduce some notation. Let lo 



(2) 



,2q 



be a normalized differential of second kind 



with unique pole at P^ and principal part ( 2g 2 d( near F^. Define 



(2) 



E^o(2<Z + 1)5,-1- 



for r £ N, 
for r = 0. 



(4.55) 



Then one infers 



(2) 



-l-g' 



C^o 



*-2q-l 



+ 0(1) for r £ N 
for r = 



as P 



(4.56) 
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The corresponding vector of 6-periods of 2r ~2l (2?™) is then denoted by U_2r-2> 



U {2) - (U (2) U (2) ) U (2) - — ( h {2) i = l n 

y~1r-1 — l L/ 2r-2,l' • ■ ■ > u 2r-2,n)> 2r ~ 2 <3 ~ 2wi J b P °o,2r-2' J r, ■ ■ • , 

(4.57) 

One computes from ( |A.18[ ), 



9=0 fe=l 



with ct{E_) defined in (B.E). Moreover, let u>p be a normalized differential of the 



uf Q = {C 2 + 0(l))dC as P -> P. (4.59) 



second kind, holomorphic on /C„ \ {P}, such that 

■ (2) - ^- 2 + 0(l))dC as, 

In the special case P = Pq, the vector of 6-periods of (a/ a)Q l t 2 ujp 2 ^ / (2iti) is 
denoted by and one obtains (cf. ( |A.19| )), 

= (!<?,..., <2). < ) = 5 i 7 ^ 1/2 / W So = 2^(l), , 1 „. 

a j b . a 

(4.60) 



Theorem 4.8. Assume ( |3.3l| ), ( |3.40j ), P e IC n \ {Poo} and (<Mn) 5 (zo,*o,n) 6 ^, 
where fi C R 2 is open and connected. Suppose that'Dp,( Xit \, or equivalently, "Dcr Xi t r ) 
is nonspecial for (x,t r ) G f2. Tften <f)(P,x,t r ) admits the representation 

,, p gCSQo-^Qo^+gQo (?W))) 

P, fc,.) =— — — — — - x 4.61) 

0(~Q„ -4q (Poo) +fl£g (%*,«„)) + A) 

=q -/lQ (P) + a QD (% S)tr) )+A) ^ ^ (3) 



with the halfperiod A defined in (3.44). TTie components ipj(P,x,XQ,t r ,to, r )i j — 
1,2 o/ i/ie Baker- Akhiezer vector are given by 

, ,„ . . x 0(P,MMr))0(Poo,A(*O,io,r)) / . / . ^ (2) 

6»(P 00 ,£.(x,t r ))6»(P,^(xo,to,r)) V JQo 

+ {tr-to,r){a/a)Q 1 ' 2 I J 2 l + (t r - t , r ) [ f^ 2r _ 2 ) (4-62) 
JQo JQo / 

and 

, , D + + x ff(P,A(a!,tr)),A)d(P o ) A(!CO,to 1 r)) / / P (3) 

?/> 2 (P, E, Xo,t r ,t 0tr ) = - ——=— AWp ~/ 7 TT ex P ~ / ^pLpo 

9{P oo ,n{x,t r )),A)0(P,^(xQ,t Q . r )) \ Jq 



- i(x - x ) / J 2) + (t r - t . r )(a/a)Q 1/2 / J£ 
JQo ' JQo ' 

+ (tr-«0,r) / "plar-a V ( 4 ' 63 ) 

T/ie ^46e^ map linearizes the auxiliary divisors in the sense that 

QLQ (l>iHx,u)) = QLQo^K^to.r)) - 2ic(n)(x - x ) + d r (t r - t 0jr ), (4.64a) 
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aQoC%=Mr)) = a3 Q (%(x ,to,.)) - 2ic(n)(x - a; ) +d r (t r - i ,r), 
where c(n) is defined in ( |A.7D and d r is given by 

f -2(a/a) £ (l) + 2 g^,, ELi c fc -„ +9 (1) /or r e N 
_r |-2(a/a)c(l) forr = 0. 

with Ck(E_) defined in (|B.8| ) and £/ie c onv ention c_k (E) = /or fc £ N. 
T/ie solution u(x,t r ) of equations (4.1) and (|4.3| ) reads 

t r ) = u(xq, t r ) 

'0{Poo, p.{x,tr), A)6»(P 00 , p,(x , t 0<r )) 



(4.64b) 
(4.65) 



2i In 



9(Poo, jj,(xo, to, r ), A)^(Poo, p,(x, t r )) 



(4.66) 

exp ( - ie {x - x )) ) , 



where we had to resort to the abbreviations (3.49). 

Proof. The proofs of (4.61) and ( 4.66| ) carry over without changes from the sta- 
tionary situation described in Theorem 3.4 since they are based on the Riccati-type 
equation (4.19) in both cases, with essentially the same expression for (p. More- 
over, that the constructed u{x,t r ) indeed satisfies sGmKdV r (it) = and the nth 
stationary sGmKdV equation readily follows from 

(U u - V r , x + [U, = * xtr - % rX = (4.67) 

and 

(V n , x - [U,V n ])^ = (4.68) 

applying ( 1.34| )-(4.36) repeatedly. Hence we turn to the Baker-Akhiezer function 
*S> whose first component ipi is given by (4.37), 

^i(P } x,x ,ir,io,r) (4.69) 



P n (z, x, £ r ) 

F n (z,X ,to, r [ 



1/2 



exp iy(P) 



dx' 



y(P) 



tr F r (z,xo,s) 
as — - 

F n (z,x ,s) 



i ;; P™ ( z i x ' i tr) z 

The time-dependent term in the exponential has two potential singularities, one 
at Pqo, and the other at Pq. We first study this term as P — > P^ (using the 
local coordinate C — cr/z 1 / 2 — > 0, a — ±1, cf. ( 3.38| )). First assume that F r is 
homogeneous, tha t is, F r — F r . Then, usin g the high-energy expansion (B.6) at 
x = xq, equation (2.37) at j — r, as well as ( 2.35| ) (with n replaced by r, a by a, 
and ft by f3), 



y(P)F r (z,x ,t r ) 

zF n (z,X ,t r ) 



= C 2 ( ^2fr-q(x0,U); 
q=0 



y(P) 



F n {z 1 t r ) 



(4.70) 



= c 



+ (/r(aro,*r) - fr(x ,t r ))( + O(( 3 ) as P -» P a 



Here f r is computed from the KdV recursion ( |2.17a ), whereas f r 
larly, 



ae 



Simi- 



y(P)F q (z,x ,t r ) 



zF n (z,x ,t r ) (^o 
Hence one concludes 
y(P)F r (z, x ,t 



^r 2g+1 +0(C 3 ) asP-^Poo, g = 0,...,r-l. (4.71) 
y(P)F q (z,x ,t r ) 



zF n (z,x ,t r ) 



q=0 



zF n (z,x Q ,t r ) 



2(i 
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\E r q =i£r- q (- 2q+1 +O(0 forreN, 
C^o }C + 0(C 3 ) forr = 



and thus 



V(P) f tr ds F r(z,x 0l s) 



(4.72) 



z Jt , r F n (z,x ,s) 

= ((^-MdSj-t-^+OW *»r e N, asP _ Poo . (4 . 73) 
C-o \(^-t ,,)C + O(C 3 ) forr = 0, 

Secondly, we stud y the behavior near Pq (using the local coordinate ( — ox 1 ! 2 — ► 0, 
cr = ±1, cf. (HH)). One finds 



y(P)F r (z 1 x ,t r ) a 
zF n (z,x ,t r ) C^o a 



(4.74) 



and hence 



y(P) f tr ds F r (z,x ,s) 



, • r . -Q 1/2 (U - to.^C 1 + 0(C) as P ^ P . (4.75) 

z Jt 0<r F n (z,x ,s) C^o a 

Here the sign of Q}l 2 is determined by th e com patibility of the charts near P^ and 
Pq. Together with our choice of signs in (A. 13) one obtains 



2» 



Q l/2 = ( _ 1)w -Q |S 1/ 2| _ 



(4.76) 



Equations ( |4.6S| ), ( fL73| ), and ( f4.75|) the n yield ( |L62] ) as in Theorem |1. 

Next we indicate the proof of (4.64a) using Lemma 4.6 and following the corre- 
sponding argument in the proof of Theorem 3.4. We temporarily assume, 



[ij(x,t r ) 7^ fiji(x,t r ) for j y^z j' and (x,t r ) € Cl C Q, 



(4.77) 



where O is open and connected. Equations (4.47), (B.ll), Lagrange's interpolation 
theorem, Theorem |B.l| , and ( A.18[ ) then yield for r £ N, 



dt r ~ 



? = £w,tr( : Mr-)£c(fc) 



\k-l 



3 = 1 fe=l 



F r ([ij (x^ t r ) : x, £ r ) 



= 2 \^ c (fc) 

■T^-, - T\i=i(tJ-j(x,t r ) ~ He(x,t r )) (J.j(x,t r ) 



2 £ 



\fc-l 



r — 1 g 



^ Il^M - MM) v^ 0p=( ^„ )v0 



fe=l V ?=0 „ = („-nW0 .,=1 /M^MJ 



9=0 p=(q-n)V0 



fij (X , t r 



a U.£=i{fJ-j{x,tr) - m(x,t r )) 
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a 



n / r— 1 Q 

,n—{q—p) "fc,l 

^ q=0 p=(q-n)V0 



fc=l 



r (2) 



ir = -(£^r-2 + I^ a) ) 



(4.78) 



and hence ( 4.64a[ ) subject to (4.77). The extension from (x,t r ) G f2 to (x,t r ) G 
then follows by continuity of g_Q o as in Theorem B.4. (4.64b) then follows from 
( 4.64a| ) and the linear equivalence of - Dp 00 /i(x,t r ) and 2^p £.(x,t r )) that is, 



aQ C%x,t r )) = ag (%.,t r ))+A- 



(4.79) 
□ 



Remark 4.9. Equations (4.62)-(4.66) have been derived for the sG equation (and its 
close allies), that is, in the case r = 1, by a variety of authors, we refer, for instance, 
to §, Sects. 4.2, 4.3, ffj, f|, @, ||, ||, and j7§. Moreover, considerable 
efforts have been devoted to the construction of real-valued solutions by imposing 
certain symmetry conditions on the (nonzero) branch points (E m , 0), m = 1, . . . , 2ra, 
see insect. 4.3.3, @, 0, £|, g, ||, g, @, 0, |§, ||, g§, g|, @, 
, [[n], ]7^| , and the references therein. 



Remark 4.10. The linearization property ( 4.64a| ) (and (3.47a)) can also be obtained 
via an alternative procedure which we briefly sketch. Following a standard argu- 
ment (see, e.g., |64|], p. 139-144) one introduces the meromorphic differential 



d 

Sll(x,Xo,tr,to,r) = q~ M^l ( • , X, Xq, t r , t . r ))dz 



(4.80) 



and hence infers from the representation ( 4.62| ) 



fll(x, Xq, t r , to r ) — — i(x — Xq){Jt) + (t r — t 0r )fl p ^ 2 r-2 + (*T — ^0,r) ~Q 1 ^ u! p} 



E 

3=1 



, , (3) -I-,, 



(4.81) 



Here u> denotes a holomorphic differential on JC n , that is, 



u = E w ( 4 - 82 ) 

3=1 

for some Cj G C, j = 1, . . . , n. Since - ,x, xq, t r , io,r) is single-valued on K n , all 
a and 6-periods of f2i are integer multiples of 2-ni and hence 



2nim k = / f2 x (a;, x , t r , t , r ) = / w = c fe , j = l 



, ,n 



(4.83) 



for some G Z identifies Cfe as integer multiples of 27ri. Similarly, for some n k G Z, 



2Tririk 



Cll(x,Xo,t r ,to tr ) 
= -i( X - X ) [ Jp ] + (tr - t ,r)-Q 1/2 / 



j(2) 



+ (tr — to, r ) 



ri (2) - V 

"P oc ,2r-2 / , 



3=1 



(3) 



n „ 

, ir ) + 2f{ E™j / 

3=1 Jb - 
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= 2nU^>(x - x ) + 2n(U^ k + W \fc)(*r - *o,r) 
- 2?™^ (Afi j {x,t r )(P'j( x o,to,r)) k + 27Ti ^2 m ] T 3,k, k=l,...,n, (4.84) 

using ( pTI^ ), ( p7| ), ( |Og ), and ( |AT2l| ). By symmetry of r (cf. (^2§), ( jOg ) is 
equivalent to 



= "Qa^A^o.to.r)) + So " x o) - (U.2r-2 +W}q'){U - t Q>r ). 

(4.85) 

Finally, we remark on an interesting property of the time-dependent sGmKdV 
hierarchy in connection with its algebro-geometric solutions. In fact, equations 
(4.1) and ( p~3| ) can be rewritten so that u(x,t r ) satisfies a differential equation with 
a pure first-order time derivative. 



-(2) 



Remark 4.11. The solution u of equations (4.1) and (4.3) satisfies 

u tr = 2ia _1 (a5„_i - ag r ~i), u(x,to, r ) = u^^x). (4.86) 
Indeed, ( pJ2^ ) yields 

f n = ae- iu , f r = ae- iu , (4.87) 



which inserted into the constant term (i.e., the coefficient of z°) in ( 4.26a ) results 



-iau tr e m = 2(g n -xf r - g r -if n )- 



Remark 4.11 can be illustrated as follows, 
(i) Consider n = 1. 



(ia) r = 0. Then (4.86) becomes 



with solution 



u to + i—u x = 0, 
a 



u(x, to) = u^°\x — i— to). 

a 



(ib) r = l. Then (|4. 



reads 



u tl + i( l)u x = 0, 



with solution 



(ii) Consider n = 2. 



u(x,ti) = u (0) (x - i{- - l)ti) 



(iia) r = 0. Then (4.86) becomes 



u *o = ("^ + 2u xxx ) - i—ciu x , u(x,t ,o) = u (0) (a;). 



a 

1— ( 

Q 



(iib) r = 1. Then ([4.861) reads 



"ti = + 2u Ka;a; ) + i(l - ci—)u x , u(x,t ,i) = u (0) (x). 

8a 8a 



(4.88) 



(4.89) 
(4.90) 

(4.91) 
(4.92) 

(4.93) 
(4.94) 
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(iic) r — 2. Then (4.86) becomes 

= -l(--l)(ul + 2u xxx )+i(ci--ci)u x , u(x,t , 2 ) = u (0 \x). (4.95) 



u t2 

8 a a 



Appendix A. Hyperelliptic curves and their theta functions 

We give a brief summary of some of the fundamental properties and notations 
needed from the theory of hyperelliptic curves. More details can be found in some of 
the standard textbooks and |n) , as well as monographs dedicated to integrable 
systems such as @, Ch. 2, ||, App. A-C, and @. 

Fix n£N. The hyperelliptic curve /C n of genus n is defined by 

2n 

K n : T n {z,y) = y 2 - R 2n +i(z) = 0, R 2n+ i(z) = (z - E m ), 

m=0 

E = 0, Ei,..., E 2n e C, E m ^ E n for m ^ n, m, n = 0, . . . , 2n. (A.l) 



The curve (A.l) is compactified by adding one point at infinity. One introduces 
an appropriate set of n nonintersecting cuts Cj joining E m ij\ and E m i(j\ and Coo 
joining E 2n and oo. Denote 

C= (J C„ C,-nC fc = 0, jVfc. (A.2) 

je{l,...,ra}U{oo} 

Define the cut plane 

n = C\C, (A.3) 
and introduce the holomorphic function 

/ 2n \ V2 

i? 2n+1 (-) 1/2 : n^C, z^ [](z-S m ) (A.4) 

\m=0 / 

on II with an appropriate choice of the square root branch in (A.4). Define 

M n = {{z, aR 2n +i{z) 1/2 ) | z e C, a G {±1}} U {Poo} (A.5) 

by extending R 2n +i{ • ) : ^ 2 to C. The hyperelliptic curve /C„ is then the set M. n with 
its natural complex structure obtained upon gluing the two sheets of A4 n crosswise 
along the cuts. Finite points P on JC n are denoted by P — (z,y), where y(P) 
denotes the meromorphic function on K n satisfying T n {z, y) = y 2 — R 2n +i{z) = 0; 
IC n has genus n. 

One verifies that dz/y is a holomorphic differential on IC n with zeros of order 
2 (n — 1) at Poo and hence 

Vj = - — > 3 = l,-..,n (A.6) 

y 

form a basis for the space of holomorphic differentials on JC n . Introducing the 
invertible matrix C in C n , 

C = (Cj,k)j,k=l,...,n, Cj,k= / Vji , A . 

Ja k (A.7) 

c(k) = (ci(k),...,c n (k)), c j (k) = C7* 
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the normalized differentials u)j for j = 1, . 



n . 

ujj = ^2 c jM^> / u 3 = S jtk , j,k = l,...,n (A.8) 

e=1 Ja k 

form a canonical basis for the space of holomorphic differentials on K, n . Here 
{dj, &j}j=i,...,n is a homology basis for /C n . Near one infers 

UL=(w 1 ,...,w n ) = -2[Y i — )d( 



q=0 k=l 



= -2 ( c(n) + (-c(n) £ £ m + c(n - 1))C 2 + 0(C 4 ) ) d£ 

C = CT /Z 1/2 , «7 = ±1, 



(A.10) 



with Ck(E_) defined in ( |B.§| ) and 

y(P) = (i - \ ( E S ™V + o(C 4 ))c" 2 "- 1 as P - P x . (A.ll) 

Similarly, near Pq = (0, 0) one computes 
cfl 



o(C 2 ) )dC, Q 1/2 = (-i)" II l^ /2 l' ( A - 12 ) 

m— 1 

C = crz 1/2 , cr = ±l, 



using 



2/(P) ^ Q 1 /^ + 0(C 3 ) as P -> P . (A.13) 

Associated with the homology basis {aj, &j}j=i,...,n we also recall the canonical 
dissection of ZC„ along its cycles yielding the simply connected interior JC n of the 
fundamental polygon dlC n given by 

dK n = aibiaf a^a^ b% ■ ■ ■ a" 1 ^ 1 . (A. 14) 

Let A4(/C„) and A1 1 (/C„) denote the set of meromorphic functions (0-forms) and 
meromorphic differentials (1-forms) on JC n . The residue of a meromorphic differen- 
tial v G A^ 1 (/C„) at a point Q € K, n is defined by 

te8Q ^ = i/ (A ' 15) 

where 7q is a counterclockwise oriented smooth simple closed contour encircling 
Q but no other pole of v. Holomorphic differentials are also called Abelian dif- 
ferentials of the first kind (dfk). Abelian differentials of the second kind (dsk) 
w ( 2 ) g M 1 (K. n ) are characterized by the property that all their residues vanish. 
They are normalized, for instance, by demanding that all their a-periods vanish, 
that is, 

w ( 2 )=0, j = l,...,n. (A.16) 
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If Wp ' n is a dsk on /C n whose only pole is Pi £ ]C n with principal part Q~ n ~ 2 d(, 
n E No near Pi and ujj = (J2m=o dj,m{Pi)( m ) dQ near Pi, then 

2iri 
n + 1 



In particular 
1 
2?ri 



w p1o = ~ 2c j( n )' 



2g+l 
2iri 



^pL2 q = - 2 Y. c ^ k ) c k-n+ q {E), j = l,...,n, geN , (A.18) 
fc=i 

iX"-'» = #- i = 1 --"' (A ' 19) 



using ( |A.9| ) and flA.12P . 

Any meromorphic differential ui^ on /C„ not of the first or second kind is said 
to be of the third kind (dtk). A dtk ui^ 6 .M^/Cn) is usually normalized by the 
vanishing of its et-periods, that is, 

w (3) =0, j = l,...,n. (A.20) 

J aj 

A normal dtk uj p ^ Pa associated with two points Pi , P2 € IC n , Pi ^ P2 by definition 

has simple poles at Pj with residues (— j = 1,2 and vanishing a-periods. If 

(3) ^ 
ui p q is a normal dtk associated with P, Q £ K n , holomorphic on K, n \ {P, Q}, then 

rP 

jf Q = 2 m w jt j = l,...,n, (A.21) 
JQ 

where the path from Q to P lies in K, n (i.e., does not touch any of the cycles Oj, 
bj). 

We shall always assume (without loss of generality) that all poles of dsk's and 
dtk's on lC n lie on /C„ (i.e., not on dfC n ). 
Define the matrix r = {rj i^j^i—i n by 



r iJt = / ui, j,£ = l,...,n. (A.22) 

Jbj 

Then 

Im(r) > 0, and Tjj=Tt t j, j,£—l,...,n. (A. 23) 

Associated with r one introduces the period lattice 

L n = {zeC n \z = m + rn, m, n e Z"} (A.24) 
and the Riemann theta function associated with K, n and the given homology basis 
{"r'>j\, 1 n, 

0(z) = exp (2iri(n,z) + Tri(n, rn)), zGC", (A. 25) 

where (tt, v) = Y^j=i ^j v j denotes the scalar product in C n . It has the fundamental 
properties 

6(zi,... ,Zj-i,-Zj,Zj + i,... ,z n ) = 0(z), (A. 26) 
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6(z + m + Tn)=exp(-2ni(n,z)-m(n,Tn))d(z), m,n£Z n . (A.27) 

Next, fix a base point Qo £ K. n \{Po, Poo}, denote by J{JC n ) = C n /L n the Jacobi 
variety of IC n , and define the Abel map Aq q by 

Aq - £ n ->■ J(£n), Aq (P) = { wi,..., / u) n ) (mod L n ), P £ K. n . 

JQo JQo 

(A.28) 

Similarly we introduce 

a Qo : Div(/C„) -> J(/C„), D ~ a Qo (D) = £ D(P)A Qo (P), (A.29) 

where Div(/C„) denotes the set of divisors on JC n . Here D: fC n — > Z is called a 
divisor on /C„ if 2?(P) 7^ for only finitely many P £ K n . 

In connection with divisors on K. n we shall employ the following (additive) no- 
tation, 

V Qo q=V Qo +Vq, Vq=V Qi +---+V Qti , 

Q = (Qu...,Qn)&<T n >Cn, Q a eJC n , (A.30) 

where for any Q £ K. n , 

and cr"/C„ denotes the nth symmetric product of K. n . In particular, a m JC n can be 
identified with the set of nonegative divisors < T> £ Div(/C„) of degree m. 

For / £ M(K. n ) \ {0}, uj £ A< 1 (/C n ) \ {0} the divisors of / and w are denoted 
by (/) and (ui), respectively. Two divisors V, £ £ Div(/C„) are called equivalent, 
denoted by V ~ £, if and only if V - £ = (/) for some / £ M{JC n ) \ {0}. The 
divisor class [D] of V is then given by [D] — {£ £ Div(K, n ) | £ ~ V}. We recall 
that 

deg((/)) = 0, deg((w)) = 2(n - 1), / £ M{K n ) \ {0}, w e M 1 ^) \ {0}, (A.32) 

where the degree deg(P) of V is given by deg(Z?) = J2petc n ^(P)- ^ ' s custom to 
call (/) (respectively, (u)) a principal (respectively, canonical) divisor. 
Introducing the complex linear spaces 

C{V) = {f£ M(K n ) I / = or (/) > V], r{V) = dim c C(V), (A.33) 

C\V) = {co£ M\lC n ) w = 0or (w) > X>}, t(D) = dime (X>), (A.34) 

(i(X>) the index of speciality of T>) one infers that deg(D), r(T>), and i(£>) only 
depend on the divisor class [V] of V. Moreover, we recall the following fundamental 
facts. 

Theorem A.l. Let V £ Div(£ n ), u £ M 1 ^) \ {0}. Then 

i(V) = r(V - (w)), n £ N . (A.35) 
The Riemann-Roch theorem reads 

r{-V) = deg(X>) + i(V) - n + 1, n e N . (A.36) 
5j/ Abel's theorem, V £ Div(/C n ), n £ N is principal if and only if 

deg(2?) = and a Qo (V) = 0. (A.37) 
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Finally, assume n E N. Then q.Q g : Div(/C„) — » J(/C„) is surjective (Jacobi's 
inversion theorem). 

Lemma A. 2. Let T>q E o n K n , Q = (Qi, ■ ■ ■ , TTien 

1 < i(T>o) = s(< ra/2) (A.38) 

?/ and onZ?/ z/ there are s pairs of the type (P, P*) E {Qi, ■ ■ ■ , Q n } (this includes, 
of course, branch points for which P = P* ). 

Denote by S Qo = (S 

<2o,i j • • • j ^Qo.n) the vector of Riemann constants, 

EQ 0iJ = -{l + T jd )-^2 u t {P) Uj , j = l,...,n. (A.39) 
£=1 ^ a t J Qo 

Theorem A. 3. Let Q — (Q\, . . . , Q n ) E a~ n )C n and assume T>q to be nonspecial, 
that is, i{T>Q) = 0. Then 

9(E Qo -A Qo (P) + a Qo (V 9 )) = 0ifand only if P e {Qi, . . .,<?„}. (A.40) 
Remark A. 4. While 6(z) is well-defined (in fact, entire) for z E C", it is not well- 



defined on J(IC n ) = <C n /L n because of (A. 27). Nevertheless, 9 is a "multiplicative 



function" on J(JC n ) since the multipliers in (A. 27) cannot vanish. In particular, if 
z_i = z 2 (mod L n ), then 9(z 1 ) = if and only if 9(z 2 ) = 0- Hence it is meaningful 
to state that 9 vanishes at points of J(JC n ). Since the Abel map Aq o maps K, n into 
J(/C„), the function 9(Aq (P) — £) for £ E C™, becomes a multiplicative function 
on JC n . Again it makes sense to say that 9{Aq ( • ) — £) vanishes at points of /C n . 

Finally, we formulate the following auxiliary result (cf., e.g., Lemma 3.4 in pt|). 

Lemma A. 5. Let tp( - ,x), x E U, 14 C M open, be meromorphic on K, n \ {Poo} 
with an essential singularity at such that tp( ■ , x) defined by 

${-,x)=i>(-,x)exp(^-i(x-xo) ^ 2) ) (A.41) 

is multi-valued meromorphic on IC n and its divisor satisfies 

{i>(-,x))>-V m . (A.42) 

Define a divisor T>o(x) by 

${-,x))=V {x)-V m . (A.43) 

Then 

V (x) E a n K n , V Q {x) > 0, deg(V (x)) = n. (AAA) 



Moreover, ifT>o(x) is nonspecial for all x Gl4, that is, if i(T>o(x)) — 0, then ip( ■ , x) 
is unique up to a constant multiple (which may depend on x). 
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Appendix B. Lagrange's interpolation formula and symmetric 

FUNCTIONS 

In this appendix we quote a few useful facts from |3^] , which facilitate the proofs 
of the linearization properties of (3.47) and (4.64). 
Let ngNbe fixed, introduce 

S k = {l= (4,-. .,4) SN fc \h < ■■■ <4 <n}, k<n, (B.la) 

I« = {£=(£ 1 ,...J k )eS k \l m ^j}, k<n-l, (B.lb) 

and define 

* (/f) = l, **(/£) = (-l) fc •"Win fc -^ n ' ( B - 2a ) 

$«(/z) = l, $«(/.) = (-l) fe £ Wi-W*. *<»-!, (B.2b) 
< f f ( f ) (M) = 0, 

where fi = (^i, . . . , G C n . We recall our notation 

n 

F n (z) = H(z-fx j ) (B.3) 

3=1 

and note 

n 

^(W) = II(W-W) (B.4) 

(the (x, independence of fXj being immaterial here and hence suppressed in the 
following) . 

Theorem B.l (Lagrange's interpolation formula). Assume that fit, ...,//„ are n 

distinct complex numbers. Then 

m = l,...,n+l, fc = 0, . . . , n — 1. 



For a proof of Theorem B.l see, for instance, |32{ , Appendix A. 
We will also need the following high-energy expansion^ (|44|, J47|) 



F n (z, X, £r) 



^C^/j-^MC^, C^/z 1 / 2 , a = ±l. (B.6) 



3=0 

Furthermore, we have| (cf. ||, Lemma 4.3) 

jAn 

fj =J2c j - k (E)*k(ri, (B.7) 



2 Observe that the right-hand side gives the homogeneous quantities fj even with a non- 
homogeneous left-hand side F n . 
:i n Am = min{n, m}. 
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where E = (E , 
co(E) = 1, 

c k {E) = 



, E 2 „) anc 



E 



(2jo -!)!!■■ -(2j 2n -l)!! 



^0 



£j 2n l 



k G 



JOH hj2«.=* 

In addition we recalj^j (see p2[ , Lemma 4.4) 

p=(q-n)V0 



,r-l. 



(B. 



(B.9) 



We note that relations (B.7) and flB.9| ) coincide with those in the KdV case since 
the recursion relation s are identical (but with the KdV solution V replaced by 
— (u x + 2iu xx )/4:, see ( [2.14a )). Observe the identity 

F r (z) = zF r -i(z) + fr (B.10) 

(using the same set of constants c%, £ = 1, . . . , r — 1 in F r -\ and F r ), which implies 



r—l q 
9=0 P=(«— n)V0 

(B.ll) 



using / r = ae m and the trace relation ( 4.45a ). 

Appendix C. Solvability of the recursion relation 

In this appendix we prove solvability of the principal recursion relations in Sec- 
tion H and show that the system of equations ( 2.21 ), ( 2.22 ), and ( [2.24| )-( 2.26| ) is 
compatible. 

We first prove that equations ( [2.2l| ), ( [2.24 ), and (2.26) are consistent for all 
j 6 No, that is, without reference to a fixed n G No- To this end we define {/j}jeN 

by 



fo — 1' /j> — ~lff-l,xxx + w ±ff-l,x + 2 W ±,xff-l 

= --j(dx T iux)dx(d x ± iu x )ff_ 1 , j £ N, 



(C.l) 



with integration constants G C. When choosing the integration constants equal, 
<■■ = c J = Cj for j G N, we conclude that 



that is, 



fj - fj , 



ij=f-, j G No, 



(C.2) 



temporarily ignoring ( p. 22; ) and ( |2.25|) . Observe that are defined by the same 
recursion used to construct the quantity fj for the KdV hierarchy with the solution 
V replaced by w± — — (u x ±2iu xx ) / 4. It is known that /• ^ equal a total derivative, 
and hence that are differential polynomials in w± . Furthermore, let 



9% 



(±/± + itfe/f ) - ±^(d x ± iu x )ff, j G N . 



(C.3) 



4 (2n - 1)!! = 1 • 3 ■ ■ ■ (2n - 1), and (-1)!! = 1. 
5 n V m = max{n. m}. 
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Combining (C.l) and (C.3) yields 



Write 



ftx = ±o(^ T iu x )gf_ 1<x , ] G N . 



where pj is a differential polynomial in w± with 

± f± 1 ± _ 1 ± 

Pj.a; ~~ T n9j-l,xx ~ n U v9j-l,x' 



(C.4) 
(C.5) 

(C.6) 



using (PJ 



Lemma C.l. Let /■ and g^ be defined by (C.l) and (C.3), respectively. Assume 
that 



Then 



j 6 N. 



7 =flj .'/;• J6N , 



(C.7) 
(C.8) 
(C.9) 



where gj is defined as in (2.21) or (2.24). Moreover, 

9j,x=i(fj~ +1 -fj~+i), jeN - 

Proof. Equation ( |C.q ) is certainly true for j = 0. Proceeding inductively upon j 
we assume that g~j_i = 9j-\ — 9j—i holds. Then 



fj,x = : ^ U> : : )9j I., 



(CIO) 



Using this, ( p.4| ), ( p.5[ ), and ( p.6[ ) we conclude that p+ = p ■ = pj and hence 



■^7 =± oPi-l,:< : x+Pi + C- 



(C.ll) 



with pj >x = u x gj^i^ x /2. Consequently, 
9j - gj = ^{d x + iu x )f+ + l -{d x - iu x )f~ 

= l((d x + iu x ){-gj-\,x + Pj + ct) + (d x - iu x )(--g j - 1 , x + pj + cj)) 



2 

1 , 



-u x 9j-i,x + ipj,. 



(C.12) 



using (C.7). This proves (|C_8|). 
By (C5)-(Og) one infers 



— ffj+i 9j+i — 2^j+i,m fj+i,x) 2 Ux ^j +1 ^3+^ 
ii i i 



7> u x(g 3 \x - i(f J+ i - fj+i)) 



(C.13) 



and hence (C.£) as long as tij ^ 0. The latter case can only occur for n = but 
then (|C.9|) can easily be verified directly. □ 
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At this point we proved that equations (2.21), (2.24) and (2.26) are compatible. 
To satisfy the additional equations ( 2.22 ), ( 2.25 ) and hence ( 2.28 ), we proceed as 
follows. Fix nGN and let a,/3 £ C In accordance with the notation used in this 
appendix we write a = a+ and — aT . We define the nth stationary sGmKdV 
equation by the relation ( [2.28 ), (2.29), that is, 

fln _ M =i(a~e m -a+e- m ), n G N , (C.14) 

subject to the constraint 

f+(x)f-(x) = a+a- = P 2n (0). (C.15) 



Lemma C.2. Let ff and gj be defined according to ( |C.l| ) ; ( |C.7| ), ( p.3D , ( p.8[ ) and 
assume (C.14) and (C.15). Then 

ft = a+e+ m , 



(C.16) 



Proof. Using ( C.10 ) for j — n one finds 



1 

ftx = ±o T iu x )g n -i !X = ±-g„-i, 



2 

T\d x {a~e m -a+e~ m ) 



2 ^x9n—l,x 



2 "'xdn—lyX 



T^{a e l 



a + e m )u x =F ia+e+ lu u x + -u x g n -i, a 



-jUx9j-i,x T ia ± e =Fm u K + ^u x g n - ly 



^ia ± e+ m u x 



using relation ( C.14]) twice. Thus 

ft{x)^a+e+^ 
for some constants 7 ± £ C. By ( |C.15 ), 

P2n(0) = f+(x)f-(x) = a+a- = a+a- +7+7" + a+ 1 ~e~ m ^ 



+ 7 d 



a 7 e 



(C.17) 
(C.18) 

(C.19) 
□ 



then yields 7=7 =0 and hence (C.16). 

The cas e n = yields the trivial situation = 0, f^f^ = Po{0), /g = /q~ by 
(U), (H, (HI), and ( B . 
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